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Abstrat
The phase ordering kinetis of the two-dimensional uniaxial nemati
has been studied using a Cell Dynami Sheme. The system after quenh
from T=∞ was found to sale dynamially with an asymptoti growth law
similar to that of two-dimensional O(2) model (quenhed from above the
Kosterlitz - Thouless transition temperature), i.e. L(t)∼(t/ln(t/t0))
1/2
(with
nonuniversal time sale t0). We obtained the true asymptoti limit of the
growth law by performing our simulation for suiently long time. The
presene of topologially stable 1/2-dislination points is reeted in the
observed large-momentum dependene k
−4
of the struture fator. The
orrelation funtion was also found to tally with the theoretial predition
of the orrelation funtion for the two-dimensional O(2) system.
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The phase ordering of various systems with salar, vetor and tensor order param-
eters has gained onsiderable interest over last few years [1℄. The system quenhed
from a high temperature homogeneous disordered phase into an ordered phase does
not get ordered instantaneously, instead the various degenerate ground states om-
pete to be seleted [1, 2℄. In the proess, the system develops length sales that grow
with time and topologial defets, if present, are eliminated. An innite system will
never ahieve omplete ordering and the length sale will inrease without any bound.
If a single growing length sale haraterizes the evolving system then it is said to
sale dynamially. Bray and Rutenberg [3℄ proposed a very general tehnique, known
as the energy saling approah, to estimate growth laws in purely dissipating systems
that sale dynamially. However their sheme ould also be applied to nd out the
relation between various length sales for a system in whih dynamial saling does
not hold. If the growth law observed is dierent from their estimation then we an
say that the system violates dynamial saling. There are a large number of systems
where the failure of dynamial saling is observed, e.g. one-dimensional XY model
[4℄, the nononserved two-dimensional O(3) model [5℄, the onserved spherial model
[6℄ et.
The model we have studied is desribed by the Hamiltonian,
H = −
∑
<i,j>
(φi, φj)
2
where φ is the usual O(n) vetor spins. Due to the spin inversion symmetry, the
model represents a uniaxial nemati. The phase ordering of the same model was
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studied by Blundell and Bray [7℄ using a Cell Dynami Sheme for d=2, n=2 and
d=3, n=3 and in the present work we have studied it for d=2 and n=3. It diers
from the usual two-dimensional O(3) model due to its loal inversion symmetry.
While in the two-dimensional O(3) model there is no stable topologial singular
defet, in the present model, due to presene of loal inversion symmetry, the order
parameter spae, instead of being a simple three dimensional sphere (as in ase of
usual O(3) models), is a three dimensional sphere with antipodal points identied.
This gives rise to topologially stable singular point defets of strength ±1/2 (where
the diretor rotates around the defet ore by 180
o
). The mapping of other 1/2
integrals defets are homotopially equivalent to the mapping of 1/2-defets. A
−1/2 defet onguration is ontinuously deformable to a 1/2 defet onguration.
Integral defets are topologially unstable due to the so alled 'esape to the third
dimension'. Hene the rst or the fundamental homotopy group of the system is just
the two element group Z2 ({0,1}) [8℄.
In general, the O(n) model with d=n-1 supports nonsingular topologially stable
extended spin ongurations arrying integral topologial harge, known as topo-
logial textures (or anti-textures, for negative topologial harge )[9℄. In the two-
dimensional O(3) model the textures are known as skyrmions, instantons or baby
skyrmions. The various length sales assoiated with these weakly interating tex-
tures evolve with dierent growth laws in the one-dimensional XY model and in the
two-dimensional O(3) model, whih give rise to saling violation in these systems
[4, 5℄. In the two-dimensional O(3) model the minimum energy onguration for
an isolated texture is obtained by stereographially projeting the order parameter
sphere on the physial spae [3℄. The onguration overs the order parameter spae
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exatly one and hene the texture is assoiated with a topologial harge 1. In
the present model one would expet the presene of the two-dimensional O(3) like
textures, but our eort to nd out them using the algorithm presribed by Berg and
Lusher [10℄resulted in deteting no textures at all. This may be explained purely
on the basis of homology of the order parameter spae. Hindmarsh[11℄ on the ba-
sis of topology or more speially homology of the order parameter spae (whih
is the projetive plane RP
2
in the nematis) have shown that in three dimensional
quenhed nematis the probability of ourrene of monopoles is very low. Unlike in
the Heisenberg model, in real nematis in order to get a monopole the order parame-
ter spae has to be overed twie and a speial arrangement over many unorrelated
domains is required. This is responsible for a very low probability (∼10−8) of our-
rene of the monopoles. In ase of the two-dimensional RP
2
model (an example of
whih is the present model) similar argument should also be valid for the textures
and this perhaps explains why we ould not nd the textures in this model. In ase of
the two-dimensional O(3) model the dierent growth rates assoiated with internal
and external length sales of the extended textures are responsible for the failure of
single length saling [5, 3℄. Sine in the present model textures (or antitextures) are
highly suppressed due to topologial reason, the saling violation is less likely. In the
present paper we have established that the system sales dynamially.
We have used Cell Dynami Sheme[7, 13℄ for studying oarsening dynamis of
the soft spin version of the onerned model. The disrete time updating relation is,
φn+1(i) = D

1
4
∑
j
(φ̂n(i), φ̂n(j))φn(j)− φn(i)

+ E φ̂n(i) tanh(|φn(i)|)
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Figure 1: Saling plot of the orrelation funtion C(r,t) against r/Lcor(t) for a 256x256
lattie (D=0.1, E=1.1) obtained after ollapsing the orrelation funtion at dierent
time steps (as indiated in gure3). The orrelation length is obtained by using C
(Lcor(t),t) = 0.3. The agreement of Bray Puri predition [19℄ for O(2) (· · ·) model
with the saled orrelation funtion(+) (t=400) is shown in the inset. The BP
funtion fBP (x) =(1/π) exp(-x
2
/2) [B(1/2, 3/2) ℄
2
F(1/2, 1/2, 2; exp(-x
2
)). The
maximum value of the Lcor obtained is 19.35 whih is muh smaller the linear size of
the lattie, i.e. 256.
The sum is over nearest neighbors of i. The parameter D is alled the diusion on-
stant, whih determines the strength of the oupling between various ells evolving
with time. The value of the parameter E should always be greater that unity and
it determines the depth of quenh[13℄. In the above disrete time updating relation
the unit vetors (represented by hats) are used for stability of the iteration proess.
However one must avoid using both φ(j) as unit vetors as this leads to a freezing of
the onguration in some metastable region[7℄.
The phase ordering kinetis of the two-dimensional uniaxial nemati have been
studied in details by Zapotoky et al. [12℄. Using a Cell Dynami Sheme, they have
5
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Figure 2: Log-log plot of the struture fator saling funtion of a 256x256 lattie
(D=0.1, E=1.1). The rst moment <k> is used for resaling of momenta. The
straight line (dotted) has a slope of -4, whih indiates the validity of the generalized
Porod's Law.
shown that dynamial saling is violated in two-dimensional uniaxial nematis lms.
They observed dierent values of the growth exponents, in the familiar algebrai
growth law L(t) ∼ tφ (φ is known as growth exponent), orresponding to dierent
length sales. In determining the eetive growth exponents they used the time
range between 200 and 2000. However, as indiated by Rojas and Rutenberg [16℄,
in ontext of the issue of dynamial saling in two-dimensional XY model quenhed
from above TKT (the Kosterlitz - Thouless transition temperature), that in order to
deide whether a system violates dynamial saling or not, one must nd the eetive
growth exponent in the true asymptoti limit after it is onstant with time and before
the nite size eet starts playing its role. They observed no violation in dynamial
saling in the two-dimensional XY model. Like integral singular point defets (known
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Figure 3: The attempted ollapse of the orrelation funtion for a 256x256 lattie
(D=0.1 and E=1.1) with respet to the the defet separation length Ldef = 1/ρ
1/2
def .
The failure of ollapse at the initial stages of phase ordering does not indiate the
violation of dynamial saling. In the asymptoti limit the orrelation funtion sales
well with respet to the defet separation, indiating the proportionality of Lcor(t)
and Ldef (t).
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Figure 4: The plot of t/L
2
(t) vs. ln(t) for three lengths Lcor(×), Ldef (+) and Lk
(⋆) for a 512x512 lattie (D=0.1 and E=1.1). The observed linear dependene at
late times (over a wide range from t=5500 to t=14400) indiates that the dynamial
saling growth law L(t) ∼ (t/ln(t/t0))
1/2
holds. However the time sale t0 is found
to be non-universal.
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as vorties) present in the two-dimensional XY model, the present two-dimensional
model also supports topologially stable ±1/2 dislination points. So it is expeted
that the growth laws should be similar and this is the main nding of the present
work. In gure 5, we have shown the Shlieren patterns in a 180x180 uniaxial nemati
plaed between rossed polarizers at dierent times indiated in the gure. The
patterns were obtained in the same way as disussed in referenes [12, 14, 15℄. By
performing the simulation for suiently long run to get the true asymptoti limit,
in the present work we have shown that, the two-dimensional uniaxial nemati sales
dynamially by establishing that the same asymptoti growth law is valid for various
length sales. Instead of the usual tφ growth law, the system was found to sale
asymptotially in a manner similar to the two-dimensional XY model quenhed from
above TKT with the growth law, L(t) ∼ (t/ln(t/t0))
1/2
( t0 nonuniversal time sale
) [16, 17℄. We have performed our simulation with two latties sizes 256x256 and
512x512. By omparing the results of the two lattie sizes, we did not nd any
signiant nite size eet upto the time limit we have investigated.
The normalized orrelation funtion in the present model is given by,
C(r, t) = 3/2 < (φ̂(0), φ̂(r))2 > −1/2
where < > represents the average over various random initial states (random length
and magnitude). The saling form of orrelation funtion is given by,
C(r, t) = f(r/Lcor(t))
Where the Lcor(t) is the length sale required to ollapse the orrelation funtions
9
for dierent time. In the Figure1 we have shown the saling plot of C(r,t) averaged
over 20 initial states for a 256x256 lattie.
The struture fator sales with respet to Lk = 1/ < k >[16℄, where <k> =
∑
S(k, t)K/
∑
S(k, t) , is the rst moment of struture fator. The saling form of
the the struture fator is given by,
S(k, t) = L2k g(kLk(t))
In Figure2 we have shown the plot of ln(Lk
−2
S(k,t)) against (kLk). From general-
ized Porod's law the large-momentum struture fator for a two-dimensional system
with point defets should be proportional to ρdef k
−4
[1, 12, 18, 19℄. In the present
system the density of the point defets (ρdef ) sales as Ldef
−2
, where Ldef is the
typial defet separation length. In the large-momentum limit we obtained the the
slope of ln(Lk
−2
S(k,t)) versus kLk plot equal to −4 as shown in the Figure2, whih
veries Porod's Law. The good ollapse of the tail, veries that Lk and Ldef have
asymptotially the same growth law. In Figure3, where we have tried the ollapse of
orrelation funtion with respet to the defet separation, poor ollapse at the initial
stage of dynamis however does not indiate the violation of dynamial saling. At
late stages the ollapse shown in Figure3 is quite aeptable. In Figure4 we have
veried that the growth law for all onerned lengths are asymptotially same as
that for the two-dimensional XY model, beause of the linear dependene of t/L
2
(t)
on ln(t) . Figure4 also veries that the present system does not violate dynamial
saling. The orrelation funtion that we obtained in our simulation also tallies with
the Bray Puri predition [19℄ of the equal time orrelation funtion for O(2) model,
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i.e.
C(r, t) = (γ/π)[B(1/2 , 3/2)]2F (1/2 , 1/2 , 2 ; γ2)
where,
γ(r, t) = exp(−r2/8t)
and B(x,y) is the beta funtion, and F(a, b, ; z) is the hypergeometri funtion.
Thus in the saling form we have C(r,t)=fBP (x) (BP stands for Bray and Puri),
where x=r/L(t) and L(t)=(4t)
1/2
. The logarithmi fator is not orretly reeted
in that funtion. However for omparison we have plotted the fBP (x) and the saled
orrelation funtion (for t=400) in the inset of Figure1. We have performed our
simulation with higher values of D(0.5) and got similar asymptoti results. Higher
values of D are useful in ahieving the asymptoti regime faster. However the nite
size eet is also more prominent in ase of large D. We have not onsidered noise
in the time evolution equation, hene are eetively working at T=0. However it
is known that quenhing to T=0 may lead to metastable freezing [20℄. In order to
hek that our results are not inuened by suh freezing, we performed a number
of simulations (almost 100 steps) with noise, by adding a onstant amplitude (of
the order of 0.1) random onguration to the order parameter. The noise amplitude
used was enough for generating large number of pairs of dislination point defets.
We ould not nd any disrepany with the results obtained without noise.
To summarize we would like to fous on the main ndings of the paper. We
have onrmed that dynamial saling is not violated in two-dimensional nemati
with order parameter dimensionality three and asymptotially the growth laws are
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same as that of the two-dimensional XY model quenhed from above TKT (i.e. the
initial state with free vorties). Consideration of topologial defet in the issue of
dynamis is very neessary, beause the struture of the defets determines the large-
momentum dependene of the struture fator, whih has an important role in the
determination of the growth laws [3℄. In the O(n) model with n≤2, the topologial
defets dominate the dynamis. Sine both the present two-dimensional model and
the two-dimensional XY model support singular point defets, it is expeted that
the dynamis should be similar and this is established in the present work. In the
present work we were able to establish the expeted result and ahieved the true
asymptoti limit of the dynamial saling by performing longer simulation with the
help of inreased omputational power now available.
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